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Abstract-In this paper, the numerical solutions of three problems of heat equation on unbounded 
domains are considered. For each problem, we introduce an artificial boundary F to make the com- 
putational domain finite. On the artificial boundary P, we propose an exact artificial boundary 
condition to reduce the original problem to an initial-boundary problem of heat equation on the 
finite computational domain, which is equivalent to the original problem. Then the finite difference 
method and finite element method are used to solve the reduced problem on the finite computational 
domain. In the end of this paper, three numerical examples show the feasibility and effectiveness of 
the method given in this paper. @ 2002 Elsevier Science Ltd. All rights reserved. 
Keywords-Heat equation, Artificial boundary, Exact artificial boundary conditions. 
1. INTRODUCTION 
The heat problems on unbounded domains are considered. This kind of problem comes from the 
heat transfer, finance, fluid dynamics, or other areas of applied mathematics. One way to get the 
numerical solution of these problems is using the integral equation method. Recently, Greengard 
and Lin [l] developed a new algorithm for solving the heat problems on unbounded domains. 
This algorithm is based on the evolution of the continuous spectrum of the solution. The new 
algorithm highly reduced the cost of evaluating heat potentials. The appearance of this new 
algorithm will promote the spread of the integral equation method for solving the heat problems 
on unbounded domain. We also refer the reader to the work of Strain [2], which is related to the 
fast Gauss transform. On the other hand, the finite element method or finite difference method 
can be used to get the numerical solution of these problems. In this case, we need to introduce 
an artificial boundary to make the computational domain finite. On the artificial boundary, the 
appropriate artificial boundary condition is needed. Then the original problem is reduced to 
an initial-boundary problem of heat equation on the finite computational domain. For elliptic 
problems on unbounded domain, the methods of constructing the artificial boundary condition 
on a given artificial boundary have been often studied by many authors 13-71, but for parabolic 
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problems on unbounded domain, there are very few results on the artificial boundary condition. 
Givoli [8] studied the heat problems on unbounded domains, in which the author tries to get the 
DtN artificial boundary condition on the given artificial boundary and the numerical example 
was given only in the steady-state case. 
In this paper, we considered three problems of heat equations on unbounded domains. For each 
problem, we derived the exact artificial boundary condition on the given artificial boundary l?. 
Namely, the relationship between glr and $$lr is given. Then the original problem is reduced 
to an initial-boundary problem of heat equation on the finite computational domain. We proved 
that the reduced problem has a unique solution, which is the restriction of the solution of the 
original problem on the computational domain. Finally, three numerical examples show the 
feasibility and effectiveness of the given method. 
2. FLOW OF HEAT IN A SEMI-INFINITE SOLID 
First, let us consider the following initial-boundary value problems of a parabolic equation: 
as au --- 
ax2 at = 9(x, t), (5, t) E RC; (2.1) 
Ult=o = f(x), -l<z<+oo; 
211,=-l = h(t), O<t<T; 
u + 0, when x --t +oo; 
(2.2) 
(2.3) 
(2.4) 
where 52” = ((2, t) E [-1, +co) x (O,T]}, g(z, t), f(x), and h(t) are given functions and f( -1) = 
h(O), the support of g(z, t) is in the domain Rg = {(x,t) 1 -1 I 2 5 0, 0 < t 5 T}, and 
the support of f(x) is in the interval [-l,O]. For computing the numerical solutions of prob- 
lem (2.1)-(2.4), we introduce an artificial boundary IO = ((5, t) ) x = 0, 0 5 t 5 T}. Then the 
domain flc is divided into the bounded part Qj and the unbounded part 52: = {(x, t) ( 0 5 x < 
+ca,O<tlT}( see Figure 1). On the domain R$ g(x,t) = 0 and f(z) s 0. We now consider 
the restriction of the solution of problem (2.1)-(2.4) on the domain C$. U(X, t) satisfies 
a221 au 
me-= 
a22 at ‘9 (xc, t)E %; 
UJt=o = 0, o<x<+oo; 
&=o = u(O, t), O<t<T; 
21 -+ 0, when x + +oo. 
(2.5) 
(2.6) 
(2.7) 
(2.8) 
Figure 1. 
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Since u(O,t) is an unknown function, problem (2.5)-(2.8) is an uncompleted posed problem, 
which cannot be solved independently. But if the date u(O,t) is given, problem (2.5)-(2.8) is a 
properly posed problem. We can get the solution U(X, t) by given ~(0, t) (see [2, p. 621) 
u(x,t) = -?- J 
t 
247 0 
u(0, x)(t - X)-3/2e-x2/4(t-A) dX. 
Setting P = x/(2-), then we have 
t-X=X 
4/G ’ 
Hence, we obtain 
dX = $dp= x 
4(t - Ay dC1 
. 
u(x7 t, = fi 42fi -z-J+'=' +t-$)t+dp, 
a+, t) 
ax 
= -&(O, oy2/4t 
fi 
& +$Li2:g (,,t- $) (-3) e-“dw 
Note, 2~(0,0) = 0 and returning to the variable A = t - x2/4p2, we get 
a+, t) i 
- = -J?F ot g(O, ~)&e-x2/4(t-A) &+. 
ax J 
(2.9) 
(2.10) 
(2.11) 
(2.12) 
In equality (2.12), letting x --) +O, we obtain the relationship between ~j,=s and $$=s, 
(2.13) 
The relationship (2.13) is the exact boundary condition satisfied by the solution u(x, t) of prob- 
lem (2.1)-(2.4) on the artificial boundary TO. 
Using the exact boundary condition (2.13), we reduce the original problem (2.1)-(2.4) to a 
problem on the bounded domain 06: 
a2u au --- 
ax2 at 
= 57(x, t), in Q& (2.14) 
ult=o = f(x), -11x10, (2.15) 
&z-l = h(t), O<tlT, (2.16) 
au 
ZJ x=0 
=-$g'~(o,,)-&dA, O<tlT. (2.17) 
From the above discussion, we know that if u(x, t) is a solution of problem (2.1)-(2.4), then the 
restriction of u(x, t) on the bounded domain 06 is a solution of problem (2.14)-(2.17). Further- 
more, we discuss the uniqueness of problem (2.14)-(2.17). Let ‘111(x, t) and 212(x, t) be the two 
solutions of problem (2.14)-(2.17), and E = ui(x, t) - u~(x, t). Then E(X, t) satisfies 
6% a6 o 
---= I 
a22 at 
in Rg, (2.18) 
Elt=O = 0, (2.19) 
el,=-1 = 0, (2.20) 
a6 1 J t ae(o,x) dA G,=,=-~ rJ ax= = Wz=O)- 
Multiplying E on equation (2.18) and integrating on fig, we get 
(2.21) 
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For estimating the third term in (2.22), we consider the following problem: 
a2uE au, o 
--at= ’ ax2 in Rz, (2.23) 
&It=0 = 0, o<x<+oo, (2.24) 
%I,=0 = clz=o, O<tsT, (2.25) 
u, --) 0, when x ---) +oo. (2.26) 
As we know, problem (2.23)-(2.26) has unique solution u,(z, t) and 
au, 
YG x=0 = K(Elx=o) = pi _ I X-O 
(2.27) 
Furthermore, we have 
Substituting (2.27) into (2.28), we obtain 
Combining (2.22) and (2.29), we obtain E G 0 on a;. We have the following theorem. 
THEOREM 2.1. Problem (2.14)-(2.17) at most has a solution. 
3. FLOW OF HEAT IN THE REGION BOUNDED 
INTERNALLY BY A CIRCULAR CYLINDER 
Consider the following initial-boundary problem: 
&O = f(T), a<r<+oo; (3.2) 
$=a = h(t), O<t<T; (3.3) 
u -+ 0, when r 4 +co; (3.4) 
where RC = {(r,t) I a < r < +cq 0 < t I T}, g(r,t), f(r), and h(t) are given functions and 
f(a) = h(O), the support of g(r,t) is in a bounded domain Szg = {(r,t) ) a < T < b, 0 < t < T} 
and the support of f(r) is in the bounded interval [a, b] with constant b > a. We introduce an 
artificial boundary Ib = {(r, t) 1 T = b, 0 < t 5 T}. Then the domain 51” is divided into the 
bounded part St; and the unbounded part Rz = {(T, t) 1 b < T < +CXJ, 0 < t 5 T}. For deriving 
the exact boundary condition on l?b satisfied by u(r, t), the solution of problem (3.1)-(3.4), we 
consider the restriction of u(r, t) on the domain S2E. u(x, t) satisfies 
(3.5) 
U(t=o = 0, b<r<+cq (3.6) 
d-=b = UP, t), O<t<T; (3.7) 
u + 0, when r + +oo. (3.8) 
Since u(b, t) is unknown, problem (3.5)-(3.8) is an uncompleted posed problem, which cannot be 
solved independently. If the date u(b, t) is given, problem (3.5)-(3.8) is a properly posed problem. 
For u(b, t) E 1, the solution of problem (3.5)-(3.8) is given in the reference [9, p. 3351 
G(r,t)=l+z 
s 
+oO 4t Jo(v)YO(bd - Wv)Jo(bd & 
= 0 J:(bcL) + Y:(bd -’ I-L 
(3.9) 
Artificial Boundary Conditions 893 
By Duhamel’s theorem (see (9, p. 31]), we obtain the solution u(r, t) of problem (3.5)-(3.8), given 
u(b, t) (with u(b, 0) = 0): 
I 
t 
U(T,t) = 
0 
u(b,X);G(r,t - X)dX 
J 
t =- 
0 
u(b, X)&G@, t - A) dX 
= -u(b, X)G(r, t - X)$1; + 
J 
t au@, A)
0 
axG(r, t - A) dX 
= 
J 
t au(b,X) 
TG(r, t - A) dX, 
0 
(3.10) 
-pz(t-X) Jl%wMb) - Yd(w)Jo(b) dp 
Jo2W + mb) 
-p2(t-A) J~(bPb@P) - Ydvw)Jo(b) dp 
Jo2uv4 + %lvPL) > . 
dX 
Let 
2fi +O” 
Ho(t) = -7 
s 
p2t WwKJb) - Yd(wJo@Y4 dp 
Jab) + qvv4 . 
From the Wronskian relation (see i, p. 4891) 
we have 
(3.11) 
44 +O” HOW = p J 
p2t 
b {4?@/4 + Y:UwL)) dpL. (3.12) 0 
Finally, we obtain the relationship between $$]r,, and E]r,, on the artificial boundary rb: 
wr, t) 1 
dr =-J;F o 8A r=b J 
t Wb, 4 Ho(t - 4 dX 
%./c-x * 
Condition (3.13) is the exact boundary condition on the artificial boundary 
lem (3.1)-(3.4). Then problem (3.1)-(3.4) can be reduced to a problem on the 
main fig: 
$+;g-$=g(r,t), in a;, 
alrlb, 
O<tlT, 
au 
Z O<t<T. r=b 
(3.13) 
rb of prob- 
bounded do- 
(3.14) 
(3.15) 
(3.16) 
(3.17) 
From the above discussion, we know that if u(r, t) is a solution of problem (3.1)-(3.4), then 
the restriction of u(r, t) on the bounded domain RS is a solution of problem (3.14)-(3.17). We 
now discuss the uniqueness of problem (3.14)-(3.17). Suppose that ur(r, t) and us(r, t) are two 
solutions of problem (3.14)-(3.17), and E(T, t) = ul(r, t) - u~(T, t). Then c(r, t) satisfies 
in fig, (3.18) 
aSr<b, (3.19) 
O<t<T, (3.20) 
ac 1 t 
3Y r=b = -J;F o J 
adb, A) Ho(t - 4 dX 
ax l&T ” O<t<T. (3.21) 
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Multiplying rs on both sides of equation (3.18) and integrating on fl& we get 
(3.22) 
We now consider the following problem on f’lg: 
c*lt=O = 0, a<x<+oo, 
E*lr=b = &b, O<t<T, 
E* + 0, when r + +oo. 
Given c(b, t), problem (3.23)-(3.26) has a unique solution E*(T, t) and 
a@ 1 
s 
t %b, A) Ho(t - A) dX = ae 
ar.=,=-J;; o ax m G ,.&’ 
Multiplying re* on both sides of equation (3.23) and integrating on Qz, we obtain 
(3.23) 
(3.24) 
(3.25) 
(3.26) 
(3.27) 
(3.28) 
Combining (3.22) and (3.28), we have E(T, t) G 0. Namely, we have the following theorem. 
THEOREM 3.1. Problem (3.14)-(3.17) at most has a solution. 
4. FLOW OF HEAT IN THE REGION 
BOUNDED INTERNALLY BY A SPHERE 
We consider the flow of heat in the region bounded internally by the sphere with r = a, and 
the given initial and boundary temperature and the sources depended only upon coordinates r 
and t. We now consider the following initial-boundary problem: 
2 + f; - $ = g(r, t), (r, t) E W; (4.1) 
4t=o = f(r), alr<+oo; 
&a = h(t), O<tlT; 
v + 0, when r + +co; 
(4.2) 
(4.3) 
(4.4) 
where Qc = {(r,t) I a < r < +co, 0 < t 5 T}, g(r, t), f(~), and h(t) are given functions as 
mentioned in Section 3. Introduce an artificial boundary Ib = {(r, t) 1 T = b, 0 5 t 5 T}, then 
consider the exact boundary condition of problem (4.1)-(4.4) on Ib. We consider the restriction 
of ‘v(r, t), the solution of problem (4.1)-(4.4) on the domain a:, then w(x, t) satisfies 
(4.5) 
Zllt,o = 0, b<r<+cq (4.6) 
~1,=b = v(b, t), O<t<T; (4.7) 
v ---t 0, when T + +co. (4.8) 
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For the given w(b,t), we solve problem (4.5)-(4.8). Introduce a new unknown function u(r,t), 
which is given by 
u(?-, t) = VJ(r, t). (4.9) 
Then on the domain Q’& u(r, t) satisfies 
a221 au =. 
--- 7 
ar2 dt 
(r, t) E %Z; (4.10) 
z&O = 0, b<r<+oa; (4.11) 
&b = bv(b, t), O<t<T; (4.12) 
u + 0, when r + +co. (4.13) 
From the discussion in Section 2, we obtain the solution of problem (4.10)-(4.13): 
Furthermore, the solution of problem (4.5)-(4.8) is given: 
v(r, t) = -$iTy;),,,v (b,t - y) .&dp. 
We notice v(b,O) = 0 and obtain 
Wr, t) b = -$(r,t) - - 
s 
+CQ a 
& 
_-21 
rfi (r-6)/2fi a 
b,t _ k$] !$c+ dp 
-(r-b)2/W-X) dA+ 
Letting r 4 b + 0, we obtain 
(4.14) 
(4.15) 
(4.16) 
Equality (4.16) is the exact boundary condition on Fb of problem (4.1)-(4.4). Problem (4.1)-(4.4) 
can be reduced to a problem on the bounded domain C?;: 
$ + f$ - $ = g(r,t), in sZ& (4.17) 
4=0 = f(r), 
&=Cz = h(t), 
asrIb, (4.18) 
O<t<T, (4.19) 
~i,-,=-s~l~=,-~g’~~dh. O<t<T. (4.20) 
For problem (4.17)-(4.20), we have the following uniqueness theorem. 
THEOREM 4.1. Problem (4.17)--(4.20) at most has a solution. 
5. NUMERICAL EXAMPLES 
In order to demonstrate the effectiveness of the artificial boundary conditions given in this 
paper, three numerical examples are discussed. We use two kinds of numerical methods to solve 
these examples: FDM (finite element method) and FEM (finite difference method). 
EXAMPLE 1. First, let us consider an initial-boundary problem on a semi-infinite line (see Fig- 
ure l), 
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a2u au --- 
ax2 at = dx, t), (x,t) E v; (5.1) 
ult=o = f(x), -11x<+oo; (5.2) 
z&=--l = h(t), O<t<T; (5.3) 
u + 0, when x -+ +oo; (5.4) 
where T = 1, RC = {(z,t) E [-1, +M) x (O,T]}, g(z,t) = 0, f(x) = 0, and h(t) = erfc(l/2&) 
with 
erfc(x) = 2 
J 
+oO 
J3Fz 
emA2 dX . 
We know that the exact solution of problem (5.1)-(5.4) is 
~(2, t) = erfc 
x+2 ( > 3’ (5.5) 
First, we use Crank-Nicholson difference scheme to solve problem (5.1)-(5.4). We divided the 
interval [0, T] into N equal parts: 
0 = to < tl < .*. < tN = T. (5.6) 
After we introduce the artificial boundary rs to bound the domain a;, then we divided the 
interval [-1, 0] of x-axis into M equal parts, 
-1 = xc < xi < . . . < xj$f = 0. (5.7) 
Let r = T/N and h = l/M. Now we have the following formulae by Crank-Nicholson scheme: 
1 
z 
1 
uj”+i’ - 2ujn+i + u;n_+; + q+1 -2U~+U~_i ujn+i-ujn 
h2 h2 
1 
- r (5.8) 
= 9 (Xj, L+1/2) 7 OlnlN-1, l<j<M, 
u; = f(xcj), OljlM, (5.2) 
u; = h&J, lIn<N, (5.10) 
n+l 
uhf+1 - g&+11 
2h l ~“?--uL = 7 kc0 
*2pz=x-dW). (5.11) 
In general, we let T = h. For different M and N, we have the results in Table 1. 
Furthermore, we use the finite element method to solve problem (5.1)-(5.4). To do so, we 
should give the variational form of problem (5.1)-(5.4): find u E U, such that 
& v)ng + a(~, v) = G(v), vu E ve, (5.12) 
where 
(u,v)nb = J,; uvdx, (5.13) 
b 
Table 1. The results of Example 1. 
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(5.14) 
(5.15) 
U = w(x,t) 1 for fixed t E [O,T], w(-,t), g(-,t) E H’(-1, 0), 
and w(x,O) = f(z), ut(-1, t) = h(t) 
> 
, 
v” = {V(X) E H'(-1, 0) ] V(-1) = o} .
(5.16) 
(5.17) 
If we give a partition 7h of [-l,O] such as (5.7), we can construct the finite-dimension subspace V, 
of V” by using piecewise linear functions: 
h = {P(X) E c”[-l,o] 1 ~l[,i,,++~] E PI(X), 0 5 i 5 M - l} . 
Let {NO(X), NI(~), . . . , NM(Z)} be a basis of space Vh, and 
Then we will solve the following approximation problem of (5.12): find Uh E uh, such that 
(5.18) 
After we use a finite difference method to solve problem (5.18), then we can get the results shown 
in Table 1. In Figure 2, we give the error function ]u(O, t) - uh(o, t)I for FDM and t E [0, T]. 
6.2 0.3 0.4 -0:5 0.6 0:7 0.6 0.9 1 
t 
Figure 2. 
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EXAMPLE 2. Consider the following initial-boundary problem on a domain bounded internally 
by a circular cylinder: 
5?2+5!& du - = dr, 9, 
dt 
(r, t) E R”; (5.19) 
a=0 = f(r), alr<+m; 
4,=, = h(t), O<tsT; 
u -+ 0, when r + +co; 
(5.20) 
(5.21) 
(5.22) 
where T = 1, a = 2, flc = {(r, t) 1 a < T < +cq 0 < t 5 T}, g(r,t) s 0, f(r) s 0, and 
h(t) = (l/t)e-“‘/4”. We know that the exact solution of problem (5.19)-(5.22) is 
u(r,t) = +w (5.23) 
After we introduce an artificial boundary l?b = ((2, t) 1 2 = b, t E (O,T]} and let b = 3, we 
process the similar procedure in Example 1, and then we can get the results shown in Table 2. 
In Figure 3, we give the error function lu(b, t) - uh(b, t)l for FDM and t E [0, T]. 
Table 2. The results of Example 2. 
1 1 FEM 1 FDM 1 
1 16 1 6.2577e-2 1 6.2854e-2 1 
x 1c3 
1.2r 
0 M=S 
0 M=16 
1 -cl 0 M=32
x M=64 _ 
z 
” 0.6 - 
7 
z 
+ 0.6 - 
0 0.2 0.4 0.6 0.6 1 
t 
Figure 3. 
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EXAMPLE 3. We now consider the following initial-boundary problem on a domain bounded 
internally by a sphere: 
a% 2 au au 
s + ;$ - z = g(r,t), (T, t) E 0”; (5.24) 
vlt=o = f(r), 
VI,=, = h(t), 
v + 0, 
alr<+co; 
o<t<T; 
when T + +oo; 
(5.25) 
(5.26) 
(5.27) 
where T = 1, a = 2, CP = {(r,t) 1 a < T < +cq 0 < t 5 T}, g(r,t) z 0, f(r) E 0, and 
h(t) = (1/2)erfc(1/2fi). W e k now that the exact solution of problem (5.24)-(5.27) is 
v(r, t) = ierfc r-l ( > g’ (5.28) 
Let b = 3. We process the similar procedure in Example 2, and then we can get the results shown 
in Table 3. In Figure 4, we give the error function (v(b, t) - vh(b, t)l for FDM and t E [O, T]. 
Table 3. The results of Example 3. 
-1 
1 8 1 l.O554e-1 1 1.6375e-1 1 
1 16 1 5.2659e-2 I 8.2159e-2 1 
x 1o-4 
a- 
7- 
q 6- 
e L: 
p 5- t‘ 
d 
r 
4- 
32 2.6672e-2 
64 1.3356e-2 
4.1696e-2 
2.0886e-2 
0 0.1 0.2 0.3 0.4 0.5 0.8 0.7 0.8 0.9 1 
Figure 4. 
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6. CONCLUSION 
In this paper, we provide a kind of exact artificial boundary conditions for the numerical 
solution of three heat problems on unbounded domain in the one-dimensional case. After we 
introduce an artificial boundary, we get a initial-boundary problem on a finite domain enclosed 
by the artificial boundary which is equivalent to the original problem. In addition, we give the 
uniqueness theorem for each reduced problem. From the numerical examples, we find that we 
can get good numerical solutions using our exact artificial boundary conditions whenever we use 
FEM or FDM. 
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